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ABSTRACT
Efficient Smoothing and Interpolation of Velocity Models
for Seismic Wavefront Construction Algorithms. (August 2011)
Bo Chen, B.S., Wuhan University, China;
M.S., Texas A&M University
Chair of Advisory Committee: Dr. Richard L. Gibson, Jr.
The wavefront construction (WFC) method is an effective tool to compute seis-
mic ray fields and has wide applications. This paper applies the WFC method to a
heterogeneous earth model represented as a 3-D grid instead of a sequence of smooth
layers, as the layered model is insufficient for the regions with complex geological
structures. In order to utilize gridded models, highly heterogeneous models must be
smoothed for reliable numerical results. A new velocity gradient smoothing method
is proposed that is able to control quantitatively the smoothness of the velocity model
while preserving the main structural characteristics of the original model. A modified
inverse distance weighting method is applied to obtain velocities or densities at an ar-
bitrary point in the model for successive wavefront propagation. A very complex 3-D
grid model based on the standard Marmousi reference model is tested to compare the
new approach to alternative smoothing schemes, and the first arrival traveltimes from
the WFC method are compared with results from an eikonal solver. These results
are obtained more quickly, but the algorithm is restricted to computing only first
arrivals. However, comparison helps to establish the accuracy of the WFC solutions
and assess the influence of the smoothing schemes. The modeling comparisons verify
the effectiveness of the proposed smoothing methods and the enhanced performance
of the WFC algorithm with the 3-D grid model.
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1CHAPTER I
INTRODUCTION
The wavefront construction method (WFC) plays an important role in seismic mod-
eling and exploration seismology (Carcione and et al, 2002; Fehler and Huang, 2002;
Gjøystdal et al, 2007). WFC has been utilized robustly in isotropic and anisotropic
3-D stratified models (Lai et al, 2009; Gibson et al, 2005; Cˇerveny´, 2001; Vinje et al,
1993). Wavefronts consisting of rays arranged in a triangular or quadrilateral net-
work are propagated stepwise through the model. Certain parameter quantities that
provide estimates of accuracy of the ray solution, such as the traveltime errors, are
checked between the rays of each wavefront mesh cell during the wavefield propaga-
tion. If such differences are over a preset threshold, new rays will be interpolated in
the mesh cell. In this way, the ray field is evenly distributed throughout the model
space with controlled accuracy. Receivers record the multivalued traveltimes and
amplitudes when the wavefronts pass them.
This project aims to apply the wavefront construction method to a 3-D, hetero-
geneous earth model. In many algorithms, the earth model is described as a stratified
medium with piecewise constant properties, which is the simplest parameterization
for ray methods. However, when there are complex 3-D geological structures, such as
faults, pinch-outs, salt domes or complex geological formations, the layered model is
inadequate to describe the detailed variation of earth properties. In contrast, a 3-D
model parameterized using values specified at a regular grid of points includes more
specific material property information about the earth. The introduction of a 3-D
model to the wavefront construction also simplifies use for migration applications,
The thesis follows the style and format of Geophysics.
2an important tool in applied seismology, since it uses gridded models in most cases.
Therefore, this project aims to apply the wavefront construction method to a 3-D,
heterogeneous earth model, to get more accurate travel time, amplitude information
of ray paths traveling through the earth and also be compatible with the prevailing
migration algorithms.
In order to fulfill this goal, two issues need to be addressed. First of all, the grid-
ded earth model needs to be smoothed for the application of wavefront construction.
Second, a fast and accurate interpolation for seismic velocities, their first direvatives
and densities is in demand at an arbitrary point in the gridded earth model. Several
previous works (Gajewski et al., 2002, Coman and Gajewski, 2001) investigated the
feasibility of a 3-D grid model applied to WFC and its advantage over the layered
model. However, this previous work has not considered the selection of smoothing
and elastic parameter interpolation schemes in detail, which are essential procedures
for incorporating 3-D grid models in the WFC method. A running average smooth-
ing scheme and a linear elastic parameter interpolation were applied, but the running
average smoothing is not sensitive to the directionally oriented features in the earth
model. In addition, it tends to apply the same degree of smoothing over the entire
model without considering local parameter variations. As for the linear elastic param-
eter interpolation, it is a fast solution, but it fails to generate second order continuous
interpolating values. Therefore, large and unnecessary differences are potentially in-
troduced to the model by the running average smoothing and linear elastic parameter
interpolation schemes (Gajewski et al., 2002, Coman and Gajewski, 2001).
One important issue leading to errors in many cases, is that the ray theory is
based on the high frequency approximation, implying that an earth model is rel-
atively smooth. This asymptotic assumption states that the attributes calculated
by ray tracing, such as traveltime and amplitude, are generally stable if interface
3normals and gradients of elastic parameters (e.g., P- and S-wave velocities for an
isotropic medium) vary smoothly within a region surrounding the ray (Gjøystdal et
al, 2007). This region depends on the dominant seismic frequency and is referred to
as the Fresnel volume (Cˇerveny´ and Soares, 1992), i.e. within a wavelength distance
in each space direction. There are several methods proposed to generate sufficiently
smooth models from arbitrarily heterogeneous initial models for ray methods, includ-
ing running average smoothing (Alde et al., 2002), Gaussian smoothing (Pacheco
and Larner, 2005), minimizing the Sobolev norm of slowness (Bulant, 2002, Zˇa´cˇek,
2002), and structure-oriented smoothing (Hale, 2009). These methods are able to
increase the smoothness visually based on various attributes, such as Gaussian dis-
tribution function, Sobolev norm, structure tensor and etc. However, the attributes
these smoothing methods utilize are not directly related to the smoothness require-
ment of ray tracing. Consequently, it is difficult to establish any quantitative criteria
for parameterizing these methods to satisfy the smoothness requirements without
too much alteration of the earth model. In this paper, we outline a new velocity
gradient smoothing method that will satisfy the requirements of ray methods. This
new method is able to precisely control the velocity variations of the model while
preserving the main structural characteristics of the original model.
Additionally, interpolating velocity and density between grid points is when wave
fronts are propagated through the earth model in the simulation. Hence, an interpo-
lation scheme is essential to estimate these physical properties. Because the interpo-
lation is used frequently during wavefront construction, the interpolation of seismic
properties must have low computation costs and high accuracy. Several techniques
have been developed for the spatial interpolation applications, such as the linear in-
terpolation method (Coman, 2001), cubic spline method (Massopust, 2010), Kriging
method and Inverse Distance Weighting method (Kravchenko, 2003). However, these
4interpolation methods cause undesirable oscillations at locations where interpolated
values change rapidly, an effect sometimes referred to as the bull’s eye problem. Fur-
thermore, the implementations of cubic spline and Kriging methods are also more
computationally intensive than linear interpolation and the inverse distance weight-
ing method. We utilize an improved inverse distance weighting method (Nielson,
1993) to avoid the bull’s eye problem, to better retain the model’s variation trend
and still be computationally efficient.
This paper investigates the smoothing issues with the goal of applying 3D grid
model to WFC and improving its performance in efficiency and accuracy. Below we
first review the WFC algorithm and the primary challenges encountered in applying
it to grid-based models. We then briefly review the interpolation scheme (Nielson,
1993), which, to the best of our knowledge, has not been applied in the literature
for ray tracing approaches or WFC. The new velocity gradient smoothing method
is then presented and first demonstrated in application to a relatively simple model
with wedge structure. Because the only heterogeneity is at the interface between
the wedge and the surrounding homogeneous medium, this model provides a simply
example to compare and contrast the behavior of several smoothing methods and to
demonstrate the advantages of the new approach. Finally, we apply the smoothing
and interpolation schemes using a simple wedge model and a 3-D form of the Mar-
mousi model to provide a more stringent test of the various methods, again showing
the advantages in accuracy of the velocity gradient smoothing method.
5CHAPTER II
METHOD
2.1. Wavefront Construction
Wavefront construction (WFC) methods, an extension of standard ray tracing in-
tegrating kinematic and dynamic ray tracing (Cˇerveny´ and Horn, 1980), have been
applied to isotropic and anisotropic media to simulate wave propagation (Cˇerveny´,
2001; Gajewski and Vanelle, 2002; Gibson et al, 2005; Lai et al, 2009; Lee and Gibson,
2007; Vinje et al, 1993). In the standard two point ray tracing method, all the rays
are computed directly from the source (or from the initial surface). Sufficient density
of the ray field in the target region is ensured by subdivision of the ray-parameter
domain. In the WFC method, the rays are used to compute the wavefronts suc-
cessively. At each wavefront, the number of rays is adjusted according to the local
behavior of the ray field. Consequently, the ray field in the WFC method is always
sufficiently dense, and the succeeding interpolations are sufficiently accurate. More-
over, the computed rays are shorter because they are not computed directly from
the source but rather from the individual wavefronts. Better robustness and accu-
racy are thus obtained for the traveltime and amplitude computation in models with
complex structures. Its solutions can be applied to generate synthetic seismograms,
tomography update, reservoir analysis and etc. Additionally, it can calculate multiple
arrivals (Vinje et al, 1996), which are important for further processing procedures and
inversion algorithms.
WFC begins by initializing a set of rays near the source (Gibson et al., 2005).
Each ray segment is extended at equal temporal increments through the model with
smooth variations of elastic parameters. All the rays form a surface with constant
6traveltime, i.e. a wavefront, at a certain time. As rays propagate forward and di-
verge, new rays are interpolated to maintain a certain ray density in the medium
and the traveltime calculation accuracy along the ray. Several interpolation criteria
have been proposed (Lee and Gibson, 2007; Vinje, 1997), such as the distance and
angle between adjacent rays or traveltime variations. In this project, the traveltime
perturbation, i.e. the difference between actual traveltimes computed by paraxial ray
tracing, is selected as the interpolation criterion, which is a more physically mean-
ingful measure because the traveltime on a certain wavefront is supposed to be the
same by definition, and the numerical difference is an error estimate can serve as a
threshold for interpolation (Lee and Gibson, 2007). A certain wavefront is computed
from the previous wavefront by tracing a succession of short ray elements. Travel
time and amplitude are computed along each ray element while the rays propagate.
Additional detailes regarding numerical implementations can be found in Appendix
A.
2.2. 3-D Gridded Models - Interpolation
Physical properties, such as velocity, density and spatial derivatives of velocity, are
required to compute the traveltime, amplitude and ray path (see equations A.1- A.3),
key results required in wavefront construction methods (Gibson et al, 2005). As the
wavefront meshes are irregularly spaced during propagation, interpolation is indis-
pensable to obtain the property values at the wavefront mesh locations (points on
ray paths) based on the properties at the actual grid points included in the earth
model. It is important for the interpolation approach to preserve the characteristics
of the continuous fields and the quality of the results with high computation speed.
Several methods, models and techniques have been developed for the interpolation
7procedure, such as the linear interpolation method, cubic spline method, Kriging
method and etc. These methods address the interpolation respectively with different
assumptions and means. Linear interpolation is easy to implement. However, it can
only provide the second order approximation with discontinuous derivatives. Nor is it
second-order continuous at the grid points. The cubic spline interpolation can result
in strong oscillations when large velocity contrasts are present. Kriging interpolation
requires much more computation time and effort compared to other interpolation
techniques. Consequently, Kriging does not meet the requirements of the wavefront
construction algorithm, which performs interpolation repeatedly for each ray point
traveling in space. For these reasons, we instead utilize an improved Inverse Distance
Weighting (IDW) method (Nielson 1993) is applied to better reflect the velocity field
features and improve the precision. In this approach, the interpolated velocity is in-
versely proportional to dni , where di is the distance from the i’th grid node, and n is
an exponent that is usually set to 2. A detailed derivation is presented in Appendix
B.
2.3. 3-D Gridded Models - Smoothing
The smoothing requirement of ray methods stems from the high frequency approx-
imation involved in deriving the ray equations, which implies that the material pa-
rameters of the medium may not vary greatly over distances on the order of a wave-
length λ (Cˇerveny´, 2001). Several smoothing schemes have been proposed to in-
crease smoothness based on various attributes, such as running average smoothing
(Alde et al., 2002), Gaussian smoothing (Pacheco and Larner, 2005), minimizing the
Sobolev norm of slowness (Bulant, 2002; Zˇa´cˇek, 2002), and structure-oriented smooth-
ing (Hale, 2009). However, the quantities these smoothing schemes are based upon,
8such as Sobolev norm and structure tensor, are not directly related to the smoothness
requirement for ray tracing. Therefore, it is difficult to establish any quantitative cri-
teria for the these methods to adapt the model to ray tracing without significantly
changing wave propagation behavior in the earth model (Gray, 2000).
To gain insight into the ray method validity conditions, the concept of Fresnel
volumes is invoked (Kravtsov and Orlov, 1990). The parameters of the medium
and the parameters of the wave under consideration (amplitude and slowness vector)
must not vary significantly over the cross section of the Fresnel volume. If we denote
the maximum width rF of the Fresnel volume cross-section perpendicular to the ray
direction, we can write
rF
∣∣∣∣∇⊥vv
∣∣∣∣ << 1 (2.1)
Here ∇⊥ denotes the gradient perpendicular to the ray (Kravtsov and Orlov, 1990).
We can develop a smoothing equation beginning with this inequality and estimating
the perpendicular gradient from values on the velocity model grid. Begin by recalling
that the radius of the Fresnel volume rF is half the wave length λ/2 (Cˇerveny´ and
Soares, 1992). ∆v is the velocity difference between two grid points under consid-
eration, and ∆d is the distance between two grid points. Since rays potentially can
travel in any direction, for the sake of completeness, ∆v/∆d of all the neighboring
points around the point of interest are utilized to estimate this perpendicular gradi-
ent. vavg is the average propagation velocity at a given point. The inequality then
can be rewritten in terms of 3-D grid model parameters as
∆v · λ
2∆d
<< vavg (2.2)
As long as this inequality is honored, the applicability condition of the ray method
is met. However, sometimes the rule can be relaxed and the ray methods can be
9applied to the medium where the velocity difference is not much smaller than the
prevailing velocity (Cˇerveny´, 2001). We performed extensive numerical testing and
find that the left hand side of the inequality 2.2 can range from 0 to 25% of the
right hand side and give reasonable results. Here 15% is utilized in the test such
that the smoothness requirement is met and the model’s feathers are retained. To
supplement these inequities and formulate a criterion that quantitatively determines
the satisfactory smoothing degree, a threshold factor k is introduced to quantify how
small the velocity difference is compared to the average velocity. The value k is the
ratio between the velocity difference within half the wavelength and average velocity.
If ∆v · λ
∆d
≤ k ·vavg, the velocity variation is considered small and meet the ray tracing
high-frequency assumption. Hence, the smoothing criteria for WFC application can
be established as
∆v · λ
2∆d
< kvavg (2.3)
Since the rays can potentially travel through any locations in any directions, every
grid point in the earth model is compared with its adjacent points in all directions.
Let vi,j,k be the velocity at the considering point P. vi+r,j+s,k+t represents the velocity
at a neighboring point of the point of interest P, where r, s, t ∈ {−1, 0, 1}.
If
vi+r,j+s,k+t − vi,j,k
2∆d
· λ > k′vavg (2.4)
velocity vi,j,k and vi+r,j+s,k+t will be adjusted, where
∆d =
√
(r ×∆dx)2 + (s×∆dy)2 + (t×∆dz)2 (2.5)
and ∆dx, ∆dy, ∆dz are the grid spacings in the x, y, and z directions. k
′ is the ratio
of one pair adjacent velocity difference within half the wavelength to average velocity.
For any specific grid point, its velocity is compared and possibly adjusted multiple
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times, so k′ should be smaller than k to guarantee that all the neighboring velocity
differences are smaller than desired kvavg in the model.
Average velocity is related to wavelength through
vavg = λ× f, (2.6)
where f is prevailing frequency.
Insert equation (2.6) into (2.4),
vi+r,j+s,k+t − vi,j,k
∆d
· λ > k′λf (2.7)
vi+r,j+s,k+t − vi,j,k > k′∆df (2.8)
In order to maintain the velocity trend and only reduce the velocity difference,
their adjusted values are
vi+r,j+s,k+t =
vi+r,j+s,k+t+vi,j,k
2
+
vi+r,j+s,k+t−vi,j,k
2|vi+r,j+s,k+t−vi,j,k|k
′∆df
(2.9)
vi,j,k =
vi+r,j+s,k+t+vi,j,k
2
− vi+r,j+s,k+t−vi,j,k
2|vi+r,j+s,k+t−vi,j,k|k
′ ×∆df
(2.10)
In this way, the main velocity trend is preserved by maintaining the average
velocity between any pair of grid velocity values the same. The larger velocity of
any pair of adjacent grid points is still larger and the smaller velocity is still smaller
after smoothing. Only the velocity variation is reduced to ensure that their variation
honors the user-defined threshold.
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CHAPTER III
MODELING EXAMPLES
3.1. Wedge Model
To test the smoothing effects with various smoothing schemes, a simple wedge model
as shown in Figure 1 (a) is used here to help illustrate the smoothing results. An
eikonal solver (Podvin and Lecomte, 1991) is utilized as a reference to compare to the
WFC results. This eikonal solver uses a finite difference method, and its accuracy
depends strongly on having a finely gridded model. As it only provides the first arrival
and can not calculate multiple arrivals and amplitude, it is used here to validate the
WFC first arrival results.
The wedge model is a 3D grid model with dimensions 8 km × 8 km × 8 km. The
grid intervals are 400 m in each axis direction. The background blue color represents
the velocity 4 km/s, and the red wedge shaped part possesses the velocity 5 km/s.
There is a large velocity contrast between the boundary of these two parts. Figure 1
(b) - (d) show the smoothed model with median mesh smoothing, velocity gradient
smoothing and running average smoothing respectively. In order to determine how
well each smoothing scheme preserves the topological features of the original model,
mean curvature smoothing is applied here to the smoothed models. As mean cur-
vature smoothing diffuses the data mainly tangentially to the edge features, while
avoiding any alterations along discontinuities (Desbrun et al., 1999; Weinkauf and
Gu¨nther, 2009), the difference between the model with and without mean curvature
smoothing applied are the sharp edges or noise of bivariate data. In this case, there is
no noise present in the wedge model. Hence, the difference between the models with
and without mean curvature smoothing can be used to describe the most important
12
Figure 1. Cross-sctions of (a) original wedge model; (b) wedge model smoothed by me-
dian mesh filter; (c) wedge model smoothed by velocity gradient smoothing
scheme; (d) wedge model smoothed by running average smoothing scheme.
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Figure 2. Edge features preserved in version of the wedge model; in each case the result
of applying mean curvature smoothing is subtracted from the model to show
edges. Differences for (a) original wedge model, (b) median mesh smoothed
wedge model, (c) velocity gradient smoothed model, and (d) running average
smoothed wedge model.
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features of each model. Specifically, this approach does not strongly affect the veloc-
ity distributions, but it can effectively extract the primary edges for each model as
shown in Figure 2. These figures show the topological skeletons for the original wedge
model, the median mesh smoothed model, the velocity gradient smoothed model and
the running average smoothed model by subtracting the corresponding mean cur-
vature smoothed versions from each. The more similar the topological skeletons of
smooth model to the original one as in Figure 2 (a), the better the associated smooth-
ing scheme preserves the geometric features. By comparing these detected interfaces,
it is clear that median mesh smoothing and velocity gradient smoothing results retain
the model structure well, while the running average smoothing smears the interface
around and tends to over smooth the model.
Figure 3 shows the first arrival calculated by the eikonal solver in the original
unsmoothed wedge model, median mesh smoothed model, velocity gradient smoothed
model and the running average smoothed model. Figure 4 illustrates the difference be-
tween the eikonal solver times from the original model and the median mesh smoothed
model, the difference between times for the original model and the velocity gradient
smoothed model, and the difference between times for the original model and running
average smoothed model. Since the only difference in these calculations is the method
of smoothing applied to each input 3-D grid model, the results illustrate how signif-
icantly the smoothing method affects traveltimes. The smaller the difference for the
different models, the more similar the models are, both in velocity distribution and
topological structures. Observing these differences, the first arrival difference is the
smallest for the velocity gradient smoothed model, while the difference for the running
average smoothed model is the largest among the three. The differences also confirm
that the velocity gradient smoothing maintains the model structure well, while the
running average introduces relatively large changes to the model.
15
Figure 3. First arrival travel-time computed by Eikonal solver using (a) original wedge
model, (b) median mesh smoothed wedge model, (c) velocity gradient
smoothed wedge model, (d) running average smoothed wedge model.
16
Figure 4. Differences between first arrival traveltimes computed with the eikonal solver
for the original model and for (a) the median mesh filter smoothed model,
(b) velocity gradient smoothing, and (c) running average smoothing.
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Figure 5. First arrival travel-time computed by WFC using (a) original wedge model,
(b) median mesh smoothed wedge model, (c) velocity gradient smoothed
wedge model, (d) running average smoothed wedge model.
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With this general insight into the effects of the smoothing methods, we then apply
the WFC algorithm to each of them. Since the WFC implicitly requires the smooth-
ness constraint, it requires a certain degree of smoothing to avoid chaotic ray behavior
and also to obtain more accurate computation results. Figure 5 (a) is the first arrival
travel time computed by WFC using the original unsmoothed model. Comparing
Figure 5 (a) - (d), one can see that the first arrival traveltime computed by WFC
using the unsmoothed model (Figure 5 (a)) presents larger fluctuations and more
chaotic behavior than the first arrival traveltime computed by WFC using smoothed
model as in Figure 5 (b) - (d). Furthermore, the first arrival traveltime computed by
WFC using smoothed model shows more similarity to the first arrival traveltime com-
puted by Eikonal solver by comparing Figure 5 and Figure 3. Hence, the first arrival
computed by WFC using the unsmoothed model is not as accurate as the one using
smoothed model. It confirms the necessity of smoothing the model for ray methods.
The first arrival traveltime computed by WFC using median mesh smoothing (Figure
5 (b)), velocity gradient smoothing with k = 15% and k′ = 0.1k(Figure 5 (c)), and
running average smoothing over 3×3×3 smoothing cube (Figure 5 (d)) show similar
results. From the parameter selection point of view, it is important to note that it is
easier to select parameter k when using the velocity gradient smoothing scheme than
to select the smoothing cube size for the running average. Because k measures the
ratio of velocity difference to average velocity, it is more physically meaningful, while
the ideal smoothing cube size is harder to relate to the velocity variations. In the ve-
locity gradient smoothing scheme, k = 25% or less observes ray methods’ smoothness
requirements and is a good choice for WFC application. The parameter k is also a
measurement of the smoothness degree of the model based on users’ preference. The
smaller the k, the smoother the model. The larger the k, the more detailed features
are preserved in the smooth model. On the contrary, the smoothing cube size is
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Figure 6. Differences between first arrival traveltimes computed with the eikonal solver
and results from WFC for (a) the median mesh filter smoothed wedge model,
(b) the velocity gradient smoothed wedge model, and (c) the running average
smoothed wedge model.
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decided through testing for running average smoothing scheme. Here the smallest
smoothing cube size 3× 3× 3 is sufficient. However, in some other models, these pa-
rameters may not be able to generate a smooth enough model and need adjustment
via trial and error. Figure 6 presents the difference between the Eikonal solver and
WFC using the three smoothing methods respectively. The almost-zero difference
supports the good agreement between the WFC alogrithm and the Eikonal solver.
Because the eikonal solver cannot compute amplitude and multiple arrivals, such
results from WFC computations cannot be tested using it. Figure 7, however, shows
the amplitudes generated by WFC using the median mesh smoothed model, the veloc-
ity gradient smoothed model, and the running average smoothed model, respectively,
to show how smoothing changes these values too. The amplitude using the median
mesh smoothed model (Figure 7 (a)) and the one using the velocity gradient smoothed
model (Figure 7 (b)) are the most similar among the three. It infers that these two
models are more similar to the original model than the running average smoothed
one.
3.2. 3-D Implementation of Marmousi Model
The Marmousi model (Versteeg and Grau, 1991) is a more complex, strongly hetero-
geneous model that tests interpolation and smoothing schemes. The original Mar-
mousi model, which is based on a profile through the North Quenguela trough in
the Cuanza basin, is a very complex 2-D model (Figure 8 (a)). It contains strong
horizontal and vertical velocity gradients, and reliable imaging of synthetic seismo-
grams would require advanced processing techniques. The dimensions of the model
are 9200 m (length) by 3000 m (depth). Values of velocity, which correspond to P
waves, are specified at a grid spacing of 4 m in each direction. Velocity varies from
21
Figure 7. First arrival amplitude computed by WFC for the (a) median mesh smoothed
wedge model, (b) velocity gradient smoothed wedge model, and (c) the run-
ning average smoothed wedge model.
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1500 m/s to 5500 m/s.
We extend the Marmousi model in the third dimension to generate a 3-D model.
Its vertical slice along the y− z plane is the same as Figure 8 (a), and the properties
are then constant in the x direction. Comparisons of the results of velocity gradient
smoothing and running average smoothing are presented in Figure 8 (b) and Figure
8 (c). The eikonal solver provides an alternate solution to verify and test results as
in the previous wedge example.
Figure 9 displays velocity as a function of depth at x=2000 m, y=7000 m in
the original 3D extended Marmousi model and in the smoothed Marmousi models
using running average and velocity gradient smoothing schemes. The running average
smoothing applied the filter over a 9×9×9 smoothing cube, while the velocity gradient
smoothing utilized a value of k = 15%. One can see that the result of the velocity
gradient smoothing scheme (red line), follows the trend of the original velocity (green
dashed line), better than the values from the running average (blue line). Local
maxima and minima remain in the same spatial positions in the velocity gradient
smoothed model, though variations are smoothed.
By applying the mean curvature smoothing, the structural features can be ex-
tracted from the original model, the velocity gradient smoothed model and the run-
ning average smoothed model (Figure 10). Comparing these three plots, one can
see that the velocity gradient smoothing retains more structural details than running
average smoothing, although both of these two models satisfy the smoothing require-
ment of ray method. Additional insights are provided by the first arrival traveltime
computed by the eikonal solver using these three models (Figure 11) and their differ-
ences (Figure 12). The first arrival using velocity gradient smoothed model (Figure
11 (b)) shows more similar patterns to the original model (Figure 11 (a)) than the
running average smoothing (Figure 11 (c)). This can be confirmed by the histogram
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Figure 8. Vertical cross sections through the (a) original Marmousi model; (b) the
velocity gradient smoothed Marmousi model and (c) the running average
smoothed Marmousi model.
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Figure 9. Velocity variation with depth at x=2000m, y=7000m of 3D Marmousi model.
Green dash line represents the original velocity of Marmousi Model. Red and
blue solid lines are the velocity after velocity gradient smoothing and running
average smoothing respectively.
of their differences (Figure 13) and their mean values and standard deviations (Table
I). The means and standard deviations of first arrival differences are smaller for the
velocity gradient smooth model than the running average smooth model. As the only
difference in computations is the input models, these differences indicate that the ve-
locity gradient smooth model gives results closer to those for the original, unsmoothed
model, and it is able to generate more accurate traveltime results than the running
average smooth model.
3.2.1. WFC Traveltimes
A 2-D array of 66 × 191 receivers is uniformly distributed on the surface with an
interval of 40 m in each direction to test the accuracy of wavefront construction code
in the heterogeneous, isotropic model. The seismic source is located at (x, y, z) =
(1.48, 4.6, 2.8). Example wavefronts are also displayed in Figure 14. In order to
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Figure 10. Edge features preserved in version of the Marmousi model; in each case the
result of applying mean curvature smoothing is subtracted from the model
to show edges. Differences for (a) the original model, (b) the velocity
gradient smoothed model, and (c) the running average smoothed model.
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Figure 11. First arrival travel-time computed by Eikonal solver using (a) original Mar-
mousi model, (b) velocity gradient smooth Marmousi model, and (c) run-
ning average smooth Marmousi model.
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Figure 12. Difference of first arrival computed by Eikonal solver (a) between un-
smoothed Marmousi model and velocity gradient smoothed one; (b) be-
tween unsmoothed Marmousi model and running average smoothed one.
Figure 13. Distributions of first arrival traveltime differences obtained by applying the
eikonal solver to the earth models in Figure 8. These differences compare
the results for the original, unsmoothed velocity model to those obtained for
two smoothed models. Note that the overlapping region of the two different
data sets shows as dark purple, while the lighter colors show distinct regions
in the plot
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Figure 14. Simulated wavefront propagation in 3-D Marmousi model at time (a) 0
second; (b) 0.3 second; (c) 0.6 second; (d) 1 second.
compare the WFC results with the Eikonal solver results as above, the first arrivals
of WFC results are selected, although WFC can generate multiple arrival traveltimes.
The first arrivals using the velocity gradient model are presented in Figure 15 (a) and
the first arrivals using the running average smoothed model are in Figure 15 (b).
When comparing these sets of values, there are some important points to note. First,
unlike the eikonal solver first arrivals computed using the unsmoothed model, these
two plots are slightly asymmetric in the x direction, which is a consequence of the
smoothing order in the model.
To quantify the influence of model smoothing on the WFC algorithm, these first
arrival WFC results are compared with those computed by the eikonal solver using
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Figure 15. First arrival travel-time computed by WFC (a) using velocity gradient
smoothed Marmousi model; (b) using running average smoothed Marmousi
model.
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Figure 16. Difference between WFC and eikonal solver first arrival times (a) using the
velocity gradient smoothed Marmousi model, (b) using the running average
smoothed Marmousi model.
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the same smooth models. Their differences are shown in Figure 16. In general,
the traveltime differences for the running average model have a smoother spatial
variation, and the extremes are smaller than those obtained for the velocity gradient
case. This is likely because the running average procedure gives a smoother velocity
model that is missing some of the more detailed features (Figure 10). Further insights
into these differences are obtained from several statistics, such as the mean, standard
deviation and median of traveltime difference values (Table II). The mean difference is
smaller for the velocity gradient model, though the larger standard deviation shows
the increased scatter in difference values. Medians show values similar to means,
which is because the distribution of values is closer to Gaussian than for the previously
examined differences obtained from the eikonal solver results (Figure 13). While the
velocity gradient model does give some larger differences, in general the smaller mean
difference suggests generally reliable results.
As stated before, our goal of smoothing is to obtain a smooth earth model that
maintains its geometric features, because such smoothed models should be able to
produce the closest travel time results to those from the original, unsmoothed ve-
locity model. In order to show that the velocity gradient smoothing scheme does in
fact generate traveltimes more similar to the values from the unsmoothed Marmousi
model, we compare the Eikonal solver results from the unsmoothed model (Figure 11
(a)) to WFC results using the smoothed models (Figure 15). These differences are
shown in Figure 17, and histograms of the differences are in Figure 18. The means,
standard deviations and medians can be found in Table III. From the histogram (Fig-
ure 18), one can see that the values for the running average model have more local
maxima at large differences, whereas the distribution is smoother for the velocity
gradient results. The mean differences, however, are quite similar though the value
is slightly smaller for the velocity gradient case. Although the differences between
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Figure 17. Difference of first arrival computed by Eikonal solver (a) between un-
smoothed Marmousi model and velocity gradient smoothed one, (b) be-
tween unsmoothed Marmousi model and running average smoothed one.
Figure 18. Histograms showing distribution of differences in arrival times computed
using eikonal and WFC methods for two different smoothed models. Note
that the overlapping region of the two different data sets shows as dark
purple, while the lighter colors show distinct regions in the plot.
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smoothing methods here are relatively small, combining these with previous results
suggests that the velocity gradient smoothing model results in traveltime behavior
that is at least as good as the running average approach or sometimes better. For
this reason, it should be the better choice for a smoothing algorithm.
Table I. Means, standard deviations and medians of differences in eikonal solver first
arrival traveltimes for the Marmousi model. Each row compares values from
the unsmoothed model to those from a smoothed model.
Model Mean Standard Deviation Median
Running average -0.0198 0.0199 -0.0210
Velocity gradient -0.0185 0.0186 -00177
Table II. Means, standard deviations and medians of differences between eikonal and
WFC first arrival times computed for smoothed models. Each row com-
pares values for the different numerical approaches as applied to the specified
model.
Model Mean Standard Deviation Median
Running average 0.00399 0.00314 0.00385
Velocity gradient 0.00274 0.00662 0.00293
3.2.2. Multivalued Traveltime Fields and Amplitudes
In additional to computing the first arrival, as does the eikonal solver, WFC is able
to simulate multiple arrivals, which are important for true-amplitude migration, ve-
locity model updates and other applications. The number of arrivals are counted at
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Table III. Means, standard deviations and medians of differences between first arrivals
from WFC for a smooth model and results from the eikonal solver applied
to the original Marmousi model.
Model Mean Standard Deviation Median
Running average -0.0158 0.0198 -0.0169
Velocity gradient -0.0157 0.0201 -0.0157
each receiver as shown in Figure 19 for velocity gradient model and running average
smoothed model respectively. The multiple arrivals mainly comes from the triplica-
tions caused by the velocity variations in the model. The velocity gradient model
shows more complicated pattern of arrival numbers and overall it has larger arrival
numbers than running average model, which indicates that the structure in velocity
gradient model is more complicated than the running average smoothed model.
Amplitudes are generated to demonstrate the WFC algorithm can simulate the
wavefront propagation in triplication zones correctly. Again, the same source receiver
geometry and model are used. Because the analytic solutions for amplitudes are not
available for the eikonal solver, we showed the plots of all arrivals’ amplitudes as
Figure 20 instead of their errors. The amplitude of multiple arrivals are expected
to be higher than its surrounding amplitudes due to its higher ray density than its
surroundings. By comparing Figure 19 and Figure 20, one can see that the high
amplitude zones in Figure 20 correspond to the multiple arrival zones in Figure 19.
It confirms that WFC can record multiple arrivals and their amplitudes.
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Figure 19. Number of arrivals at each receiver location from (a) the velocity gradient
smoothed Marmousi model, (b) the running average smoothed Marmousi
model.
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Figure 20. First arrival amplitudes from WFC for (a) the velocity gradient smoothed
Marmousi model, and (b) the running average smoothed Marmousi model.
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CHAPTER IV
DISCUSSION
In order to analyze the behavior of the proposed velocity gradient smoothing scheme
and verify the performance of WFC in 3D gridded earth models, a simple wedge
model and a fairly complicated 3D extended Marmousi model were tested.
The importance of smoothing in WFC applications was shown first by applying
an unsmoothed wedge model directly to the WFC algorithm, with results that are
unreliable. Then three smoothing schemes were compared, namely the median mesh
smoothing, velocity gradient smoothing and running average smoothing. Comparing
the implementations of the various approaches, it is important to note that there are
important distinctions in the ease of parameterizing them. For example, the median
mesh smoothing is sensitive to the radius value, as a larger smoothing radius leads
to model feature distortions. Therefore, although it gives decent modeling results in
the wedge model, it was not further tested. The parameter k in velocity gradient
smoothing is defined as the ratio of velocity change within half the wavelength to the
average velocity under consideration. It is directly related to the velocity variations in
the earth model and is straightforward for users to choose. Considering the running
average smoothing, its primary parameter, the smoothing cube size, depends strongly
on the grid interval, 400 m for the wedge model. The smallest smoothing cube size
3× 3× 3 is applied here, with 1 grid point included in each direction centered on the
smoothed grid point, but it still oversmooths the model and gives inaccurate travel-
time results compared with median mesh smoothing and velocity gradient smoothing.
Similar test procedures are carried out on the 3D extended Marmousi model.
Here it only compares the velocity gradient smoothing with the running average
smoothing. Likewise, the smoothness for these two schemes are designed to be as
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similar as possible to allow a fair comparison. However, unlike velocity gradient
smoothing, running average smoothing replaces each grid point value with the average
of the smoothing cube values and does not adaptively detect the velocity contrast.
Therefore, there are places where running average smoothed model is more or less
smooth than the velocity gradient smooth model. First, the capability of feature
preservation is compared by checking the velocity change with depth as Figure 9 and
extracting the geometric skeletons of the model as Figure 10. The comparison verifies
that velocity gradient smoothing scheme better follows the trend of velocity variation
and better preserves the features in the model.
It is also important to consider which smoothing scheme can help generate a more
accurate modeling result. In order to do so, an Eikonal solver, which can tolerate
large velocity contrast but can only compute first arrival traveltimes, is utilized as a
reference to compare its first arrival results with the WFC results. There are mainly
three types of differences that provide insights into the influence of smoothing and
accuracy of results. The first is the difference between the Eikonal solver result using
the original unsmoothed model and the smoothed model. Since they all use the same
Eikonal solver algorithm, and the only difference is the model, the difference shows the
similarity of the smoothed model to the original model. The smaller the difference,
the more similar the smoothed model is to the original model in terms of traveltime
behavior. Based on the analysis in the above section and the difference in Figure 12,
the difference for velocity gradient smoothing is smaller than that of running average
smoothing. Hence, it confirms again the velocity gradient smoothing can generate
a smoothed model that is more similar to the original model. The second type of
difference is between the Eikonal solver results and WFC results using the same
smoothed model as Figure 12. Since the models are the same, although computed
with different algorithms, the first arrivals are expected to be the same or at least very
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similar. The test difference agrees with this and confirms that the smoothed models
are smooth enough for WFC applications and the competitive performance of WFC
using the 3D grid models. The third type of difference is between the Eikonal solver
results using original unsmoothed model and WFC results using smoothed models
as Figure 17. This is used to assess the performance of the WFC algorithm and the
contribution from different smoothing schemes to the accurate modeling results. The
smaller difference for velocity gradient smooth model verifies that velocity gradient
smoothing helps WFC to generate more accurate traveltimes than running average
smoothing. Additionally, by comparing the first type of difference and the third type,
one can suggest that the WFC can generate first arrival results using smoothed model
that are closer to the results of the original model than Eikonal solver itself.
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CHAPTER V
CONCLUSION
A 3-D grid model is introduced to the WFC method. Smoothing and parameter
interpolation schemes are investigated and solved to achieve this and enhance WFC
performance. The velocity gradient smoothing scheme is implemented in the WFC
algorithm, and it makes the grid model smooth enough to satisfy the asymptotic
assumption of ray tracing and also reserve the geological features inherited in the
original grid model. An improved inverse distance weighting interpolation scheme is
also applied to quickly and accurately estimate the elastic parameters at arbitrary
locations based on the prescribed property values on the grid points. The test results
validate the feasibility of smoothing and interpolation methods proposed in this paper
and the improvements on the computation accuracy and efficiency WFC method has
achieved.
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APPENDIX A
KEY RESULTS FOR SEISMIC RAY TRACING
The WFC method is an implementation of the standard ray tracing method that
aims to simulate the explicitly track the propagation of entire wavefronts instead of
individual rays. At a given time, the ray points are connected and form a wavefront.
New rays are inserted when the ray field diverges and certain interpolation criteria
are violated. The ray paths and travel times for general anisotropic media can be
derived by integrating the right hand side of a set of ordinary differential equations
in the form (Gibson et al., 2005)
dxi
dτ
= aijklplgjgk (A.1)
dpi
dτ
= −1
2
daijkl
dxi
pnplgjgk (A.2)
aijkl =
cijkl
ρ
(A.3)
Here, xi are spatial coordinate components, pi are slowness vector components, τ is
travel time, aijkl are density normalized elastic moduli (stiffness tensor), and gi are
eigenvectors of Christoffel matrix, Γij,
(Γjk − v2δjk)uk = 0, (A.4)
Γjk = aijklpipl (A.5)
where v is a phase velocity in the direction of pi and we have three eigenvalues for
each squared phase velocity. The travel time along a ray path can be found by solving
the right hand side of dxi/dτ in equation A.1.
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APPENDIX B
IMPROVED INVERSE DISTANCE WEIGHTING INTERPOLATION
The conventional IDW is broadly recognized and employed as the basic method
in a lot of geoscience applications. Given any arbitrarily spaced points u1, u2, ... ,
uN ∈ <n and values f(u1), f(u2), ... , f(uN) of a function f , the conventional IDW
(Shepard, 1968) is given by
S0pf(u) =
N∑
i=1
f(ui) ·Wi(u), (B.1)
where Wi(u) is the weighting function,
Wi(u) =
‖u− ui‖−p∑N
j=1 ‖u− uj‖−p
(B.2)
Here p is the power factor and ‖·‖ is the Euclidean norm.
However, the ’bull’s eyes’ phenomenon limits its accuracy. It can be eliminated
by replacing F (ui) with a suitable local approximation Qi (Nielson 1993). In this
paper, first order Taylor polynomials are applied, f ’s approximations of degree q at
these interpolating points, so that they can mimic the shape of Fi under the condition
that the distant points don’t influence Qi too much. The generalized Shepard’s global
formula is
Sqpf(x) =
N∑
i=1
∑
|ν|≤q
1
ν!
Dνf(xi)(x− xi)ν ·Wi(x) (B.3)
where Qqi =
∑
|ν|≤q
1
ν!
Dνf(xi)(x− xi)ν . The derivatives Dνf(xi) are computed based
on finite difference method. As the first order direvatives of the velocities are needed
in the Runge-Kutta method, here the Taylor series can also take first order direvatives,
i.e. q = 1, without calculating higher order direvatives but achieving better precision
than the original interpolation.
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